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Week 6: Curvature, Einstein’s field equations & gravitational approximations
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Intrinsic Curvature
Parallel Transport

• Parallel transport of a vector Z along the curves means ∇XZ =∇Y Z = 0. Componentwise
in {∂µ} basis this reads XνZµ

,ν +Γµ
ρνZ

ρXν = 0⇒ XνZµ
,ν =−Γµ

ρνZ
ρXν .

• d

ds
=Xν∂ν AND d

dt
= Y ν∂ν . Also, expand up to O(d3).

• Zµ
q = Zµ

p +
d

ds
Zµ
p ds+ · · ·= Zµ

p −Γµ
ρνZ

ρ
pX

νds+ · · ·

• Zµ
pqr = Zµ

q +
d

dt

(
Zµ
q

)
dt= Zµ

p −Γµ
ρνZ

ρ
pX

νds+
d

dt

(
Zµ
p −Γµ

ρνZ
ρ
pX

νds
)
dt+ · · ·

= Zµ
p −Γµ

ρνZ
ρ
pX

νds+
(
Zµ
p,σY

σ −Γµ
ρν,σY

σZρ
pX

νds−Γµ
ρνZ

ρ
p,σY

σXνds
)
dt+ · · ·

= Zµ
p −Γµ

ρνZ
ρ
pX

νds−Γµ
ρσZ

ρ
pY

σdt−Γµ
ρν,σY

σZρ
pX

νdsdt+Γµ
ρνΓ

ρ
λσZ

λ
p Y

σXνdsdt︸ ︷︷ ︸
λ←→ρ

+ · · ·

• The extra terms containing Xν
,σY

σ and Y ν
,σX

σ in Zµ
pqr and Zµ

psr cancel each other.

• ∴ Zµ
pqr = Zµ

p −Γµ
ρνZ

ρ
pX

νds−Γµ
ρσZ

ρ
pY

σdt−Γµ
ρν,σY

σZρ
pX

νdsdt+Γµ
λνΓ

λ
ρσZ

ρ
pY

σXνdsdt

• & Zµ
psr = Zµ

p −Γµ
ρνZ

ρ
pY

νdt−Γµ
ρσZ

ρ
pX

σds−Γµ
ρν,σX

σZρ
pY

νdtds+Γµ
λνΓ

λ
ρσZ

ρ
pX

σY νdtds 2/17



Intrinsic Curvature
Riemann Curvature Tensor

• Zµ
pqr =��Z

µ
p −XXXXXXΓµ

ρνZ
ρ
pX

νds−�����XXXXXΓµ
ρσZ

ρ
pY

σdt−Γµ
ρν,σY

σZρ
pX

νdsdt+Γµ
λνΓ

λ
ρσZ

ρ
pY

σXνdsdt

Zµ
psr =��Z

µ
p −�����XXXXXΓµ

ρνZ
ρ
pY

νdt−
XXXXXXΓµ
ρσZ

ρ
pX

σds−Γµ
ρν,σX

σZρ
pY

νdtds+Γµ
λνΓ

λ
ρσZ

ρ
pX

σY νdtds︸ ︷︷ ︸
σ←→ν

• lim
ds→0
dt→0

d2

dsdt

(
Zµ)= lim

ds→0
dt→0

Zµ
pqr −Zµ

psr

dsdt

=
(
Γµ
ρσ,ν −Γµ

ρν,σ +Γµ
λνΓ

λ
ρσ −Γµ

λσΓ
λ
ρν

)
XνY σZρ

p

• Last result defines the “Riemann Curvature Tensor” lim
ds→0
dt→0

d2

dsdt

(
Zµ) :=Rµ

ρσνX
νY σZρ ,

that is the “intrinsic curvature tensor” which measures the variation in vectors due to
parallel transport on surfaces defined by two geodesics ∇XZ = 0 and ∇Y Z = 0.

• In basis-independent system, R(X,Y )Z :=
(
∇X∇Y −∇Y ∇X −∇[X,Y ]

)
Z

• Or d

ds

(
d

dt

(
ψ−1s ◦ψ−1t ◦ψs ◦ψt (Z)

))∣∣∣
s=t=0

:=R(X,Y )Z for ψxt : Tx0M→ TxtM. 3/17



Intrinsic Curvature
Geodesic Deviation

• In the past definition of Riemann tensor, ∇[X,Y ]Z

term disappears in {∂µ} basis as [∂µ,∂ν ]Z = 0.

• Also, R(X,Y )Z =−R(Y,X)Z, i.e., Rµ
ρ(σν)

= 0 .

• Additionally, one can prove that Riemann tensor is linear, i.e.,
R(fX,Y )Z = fR(X,Y )Z and R(X,Y )(fZ) = fR(X,Y )Z .

• Moreover, one can exploit the definition of Riemann tensor in terms of Christoffel symbols

to prove Rµ
[ρσν]

= 0 and ∇
[τ
Rµ
|ρ|σν] =Rµ

ρ[σν;τ ]
= 0 which is the “Bianchi identity”.

• Furthermore for Rµρσν = gµλR
λ
ρσν , we have Rµρσν =Rσνµρ and R(µρ)σν = 0 .

• Since [X,Y ] = 0, then R(X,Y )X =∇X∇YX−∇Y���∇XX =∇X∇XY . Therefore,
R(X,Y )X =∇X∇XY defines “geodesic deviations”. We use this result to prove cylinders,

in contrary with spheres, do NOT have intrinsic curvature despite having extrinsic one.
[For a torus, is Ri

jkl = 0? NO! This is why topological features are essential in the definition of manifolds.]
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Intrinsic Curvature
Ricci Decomposition

• Define Ric(Y,Z)≡ tr(X →R(X,Y )Z) = 〈R(ea,Y )Z,ea〉.

• gaeg
ecRa

bcd = δ c
a R

a
bcd ≡ Ra

bad ≡Rab . with symmetric property Rab =Rba.

• In coordinate basis Rρν = Γµ
ρµ,ν −Γµ

ρν,µ+Γµ
λνΓ

λ
ρµ−Γµ

λµΓ
λ
ρν .

• Define R≡ tr(tr(X →R(X,Y )Z)) = 〈R(ea,eb)eb,ea〉.

• R≡ gabRab .
• In coordinate basis R= gρν

(
Γµ
ρµ,ν −Γµ

ρν,µ+Γµ
λνΓ

λ
ρµ−Γµ

λµΓ
λ
ρν

)
.

• Define the traceless Ricci tensor Zab =Rab−
1

d
Rgab = gadEabcd, i.e., Za

a = 0, s.t.

Sabcd =
R

d(d−1)

(
gadgbc−gacgbd

)
Eabcd =

1

d−2

(
Zadgbc−Zbdgac−Zacgbd+Zbcgad

)
}{
Wabcd =Rabcd−Sabcd−Eabcd

gadWabcd = 0

• RabcdR
abcd = SabcdS

abcd+EabcdE
abcd+WabcdW

abcd

=WabcdW
abcd+

4

d−2
RabR

ab− 2

(d−1)(d−2)
R2,

which is “Kretschmann scalar”.
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Einstein Field Equations
Einstein Tensor

• R by itself is not enough since gravity needs to be described by Tab.

• (((((hhhhhRab = αTab as ∇aR
ab 6= 0 but ∇aT

ab = 0.

• Also (((((((hhhhhhhRabcd = αTabTcd as it means Rvac.
abcd = 0, which is generally incorrect, e.g., black holes.

• Define Gab =Rab−
1

2
Rgab ⇒∇aG

ab = 0 as one can prove ∇aR
ab = 1

2∇
bR.

• Gab ≡
8πG

c4
Tab which means:

“Matter tells spacetime how to curve, and curved spacetime tells matter how to move.”
- J. A. Wheeler.

• Also, one can prove that Rab =
8πG

c4

(
Tab−

1

2
Tgab

)
, where T = Ta

a = gabT
ab.

• Lovelock theorem: Gab+Λgab =
8πG

c4
Tab, where Λ is “Einstein’s biggest blunder”, the

cosmological constant. 6/17



Weak Gravity Source
1st Order Approximation
From now on, we will indulge in a special system of units that set c = 1, which is tempting and dangerous sometimes!

• gab = ηab+hab ⇒ gab = ηab−hab

• Γµ
νρ =

1
2(η

µσ−hµσ)(hσν,ρ+hσρ,ν −hνρ,σ)⇒ Γµ
νρ =

1

2
ηµσ(hσν,ρ+hσρ,ν −hνρ,σ)

• Rµνρσ = gµτR
τ
νρσ = (ηµτ +hµτ )(Γ

τ
νρ,σ−Γτ

νσ,ρ+Γλ
νρΓ

τ
λσ−Γλ

νσΓ
τ
λρ)

= ηµτ (Γ
τ
νρ,σ−Γτ

νσ,ρ) as other terms contain higher orders.

• Rµνρσ =
1

2
ηµτη

τλ(���hλν,ρσ+hλρ,νσ−hνρ,λσ−���hλν,σρ−hλσ,νρ+hνσ,λρ)
= hµσ,νρ+hνρ,µσ−hνσ,µρ−hµρ,νσ

• After introducing h≡ hµµ one can prove

Rµν = ηαβRαµβν = ∂ρ∂[µhν]ρ−
1

2
�hµν −

1

2
∂µ∂νh .

• And for R= ηµνRµν = ∂ρ∂σhρσ−�h . 7/17



Weak Gravity Source
Killing Vector & Gauge Condition
• Gµν =Rµν −

1

2
ηµνR= 8πGTµν

• Introduce h̄µν = hµν −ηµνh , h̄µν = hµν −ηµνh , h̄= h̄µµ =−h, s.t.

• Gµν = ∂ρ∂[µh̄ν]ρ−
1

2
�h̄µν −

1

2
ηµν∂

ρ∂σh̄ρσ = 8πGTµν .

• (ψ−t)∗gµν = ηµν +hµν +Lξηµν + · · ·= ηµν +hµν + ξµ,ν + ξν,µ

• hµν → h′µν = hµν + ξµ,ν + ξν,µ the de Donder-Einstein-Lorenz-Weyl gauge.
It is similar to Lorenz gauge of EM Aµ →Aµ+θ,µ with condition Aµ,µ = 0

• Similarly, h̄µν,µ = 0 s.t. �ξµ = 0 which is not a wave equation just like �θ = 0.

• �h̄µν =−16πGTµν 8/17



Weak Gravity Source
Solutions in vacuum
Gravitational Modes
�h̄µν = 0

h̄µν =Hµνe
ikαxα

=


0 0 0 0

0 H+ H× 0

0 H× −H+ 0

0 0 0 0

ei(~k·~x−ωt)

Amplitude∼ 10−20m. You can stack 105 amplitudes within the radius of a proton! See
Felix Pirani’s “The Sticky Bead Argument” in Conference on the Role of Gravitation in
Physics at the University of North Carolina, Chapel Hill, 1957.
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Weak Gravity Source

C. W. Misner, K .S. Thorne, J. A. Wheeler, Gravitation, W. H. Freeman & Company, (1973), p. 1022
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Weak Gravity Source
Birkhoff–Israel theorem

• In the framework of general relativity Birkhoff–Israel theorem states that
a spherically symmetric solution of Gab = 0⇔ static and asymptotically flat.

• However, in the framework of Newtonian gravity, the shell theory states that
a static and asymptotically flat solution ��ZZ⇒⇐ spherically symmetric of ẍ, Why?

• It means the best choice for g00 and g11 is to select exponential functions, say

gµν =−e2A(r)dt2+e2B(r)dr2+ r2dθ2+ r2 sin2 θdφ2 .

• One can use this metric to obtain Γλ
µν components, and hence those of Rµν .
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Weak Gravity Source
Schwarzschild’s Solution
• Since Rµν = 0 in vacuum, then for ′ ≡ d

dr we have
• R11 =A′′+2(A′)2−A′(A′+B′)− 2

rB
′.

• R00 =−[A′′+2(A′)2]e2(A−B)+A′e2(A−B)(A′+B′)− 2
rA

′e2(A−B).
• R11+e

2(B−A)R00 =−2
r (A

′+B′) = 0⇒A+B = const.
• Asymptotic flatness demands A, B r→∞−−−→ 0 s.t. gµν(r→∞)≡ ηµν ⇒ A=−B .
• R22 =−1+ r(A′−B′)e−2B +e−2B = 0⇒ 1 = 2rA′e2A+e2A = (re2A)′.

The solution of 1 = (re2A)′ is re2A− r = const. or e2A = 1− const.
r

.

h00 = g00−η00 =−(1− const.
r

)− (−1) =
const.
r

≈
Weak

2GM

r

• gµν =−
(
1− 2GM

r

)
dt2+

(
1− 2GM

r

)−1

dr2+ r2dθ2+ r2 sin2 θdφ2
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Weak Gravity Source
Energy Conditions from the Metric

• Remember when we extremized
∫
ds=

∫
dt
√
gµν ẋµẋν to get the geodesics?

• Extremize ds2 to get dynamical conditions for objects moving along geodesics,
i.e., for ẋµ = dxµ/dτ , apply variational approach on

• L=−
(
1− 2GM

r

)
(ẋt)2+

(
1− 2GM

r

)−1

(ẋr)2+ r2(ẋθ)2+ r2 sin2 θ(ẋφ)2

=−
(
1− 2GM

r

)
(ṫ)2+

(
1− 2GM

r

)−1

(ṙ)2+ r2(θ̇)2+ r2 sin2 θ(φ̇)2.

• For for orbiting object with mass m= 1, Kepler laws remind us θ = π/2, i.e.,
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Weak Gravity Source
Energy Conditions from the Metric
• L=−

(
1− 2GM

r

)
(ṫ)2+

(
1− 2GM

r

)−1

(ṙ)2+ r2(φ̇)2

• Variational φ reads 0 = dL
dφ − d

dτ (
dL
dφ̇

) = d
dτ (2r

2φ̇)⇒ r2φ̇= |~r×~p|= | ~J | .

• Variational t reads 0 = dL
dt −

d
dτ (

dL
dṫ
) = 2 d

dτ [(1−
2GM
r )ṫ]⇒ (1− 2GM

r
)ṫ= E .

• gµν ẋ
µẋν =−1 for massive objects, i.e.,

1 =
E2

1−2GM/r
− ṙ2

1−2GM/r
− J2

r2
⇒ ṙ2 = (E2−1)+

2GM

r
− J2

r2
+

2GMJ2

r3
.

Then, ṙ
2r4

J2
=

(
ṙr2

J

)2

=
(E2−1)

J2
r4+

2GM

J2
r3− r2+2GMr.

• | ~J |
r2

= φ̇=
dφ

dr
ṙ

dr
dφ

= ṙr

|~J|
=====⇒

(
dr

dφ

)2

=
(E2−1)

J2
r4+

2GM

J2
r3− r2+2GMr
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Weak Gravity Source
Precession of Mercury’s Perihelion
•
(
dφ

dr

)
=

1√
(E2−1)

J2 r4+ 2GM
J2 r3− r2+2GMr

.

• φ+−φ− =

∫ R+

R−

dr√
(E2−1)

J2 r4+ 2GM
J2 r3− r2+2GMr

.

• The rest is math; after many steps one can solve the intergral as

φ+−φ− =
π√

1−2GM/R||

(
1+

1

4

ε

R||

)
+O

(
2GM

R||

)
, where

R|| =
R+R−
R++R−

and ε=
2GM

1−2GM/R||
.

• If we use actual values, we get φ+−φ− = 43 more arcseconds per century
than the 531 arcseconds per century predicted by Newtonian gravity! 15/17



Weak Gravity Source
Precession of Mercury’s Perihelion

Rotation of plane containing a planet elliptical trajectory
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Thank You!
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