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Week 5: Covariant derivative, curvature structure, and diffeomorphisms

Hassan Alshal
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1. Covariant Derivatives
2. Levi-Civita Connection

3. Diffeomorphisms
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Covariant Derivatives
Tensor structure

o Tty =39"" (vap+ 9upo— Gaps)
* Ve, (ep(s)) = epals) —Tgpec(s)
e Define V as a function that takes X,Y to VxY with the following properties:
L. VixigvZ = fVxZ+gVyZ, for f,g smooth functions.
ii. ‘7){(§/‘+*23) =VxY+VxZ.
iii. Vx(fY)=fVxY+YVx(f)=fVxY+YX(f)=fVxY +Ydf(X).
e Property iii. prevents defining Vx as a tensor since it is not linear.
However, property i. allows us to define a (1,1) tensor as follows:
LVY T M—=T,Mst. VY : X = VxY.
IL VY (§,X) : TyMXxTyM =R s.t. VY (£,X) =¢(VxY €R) for { e Ty M.
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Covariant Derivatives
Connection components

e Define V., e, =" e., this is not the same as V, ep(s).
o VxY =Vyxa, (Ybey) = XV, (Ybey) = X%V, Y+ XYV, e
= e, VxYl+ XY T e = e.Vx Y+ XY e,
= X0, Y+ YT, e
Thus for {9, }, we have VxY7 = X*(9,Y" —I—YﬁFgﬁ)

e In comparison with V, (ep(s)) = epq(s) =TS ec(s) there is a negative sign.
This is because Y7 is the component of a contravariant vector while ep(s) can
be treated as the covariant component of a covariant vector.

e This motivates defining V, f® = —T?_f°.

o Also, Voég = 0as — Fz,gfv for covariant component £z of a covariant vector .

e To save ink and paper, replace {V,} — {;a} same as replacing {9} — {,a}. "
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Covariant Derivatives

Other properties

T e DI e =T, TR

V1Vs o V1 Vs,Q V1Vs avy B vs

coordinate basis
VyVx(f) = Vy(X(f) ZEE22 by = (F)w = Faw =T fr
Since f [, =0 set a condition s.t. f.,,) =0 which is I‘[O;w]

If not, then define 215, 7= T3, which is a tensor called “torsion”!

=0. [coordinate basis too]

. 1
In presence of torsion Fgﬁ = 59“” (Gva,g + 9v8.0 — 9apr — Tvap — Tupa + Tupy)-
All tensor treatments in this course assume torsion-free construction.
Y (X(f)) is not a tensor since it is not linear.
But one can prove that [X , Y} (f) is indeed a tensor. [in any basis]

coordinate basis

VxX = X"(XF, + T8 Xe, i 4T %3 =0

This is another definition of geodesic 4/10
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Levi-Civita Connection

Metricity

e If V.. g4 =0 then V is called Levi-Civita connection.
It means that the inner product defined by the metric is conserved even if the
components are transferred along the curve that connection basis is tangent to,

ie., Vxg(X,X)=0. Componentwise and wlog this means that

LCV
Josu = Gapp — L padvs =T ggar = 0= gap.u = Uia9vs + T} 3900

0
e A determinant g = gaﬁAaﬁ, A = gJap is the cofactor, defines Wgﬁ =A,3.

99 . . . X X R R R
Also, 09 = 20,5 = Dap0ui™ = 990505 = 95°° (V0 dvs + TV dow)-
0GP

o Oug =291,
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7 Diffeomorphisms
Pull-back & Push-forward
e For m-dim M and n-dim A manifolds, a function
Y : M — N is smooth <= ¢pror)o ¢M is smooth. M

e For f: N — R, a pull-back is ¢*(f) : M = R s.t. ™ (f)(p) = f(¢™(p)), for p € M.
e For A\:R — M a push-forward is ¢« : TpM = Ty (,) N s.t. ¥4 (X) € Ty N for X € Ty M.

o (WeX)f = S(FolboAn) = S(Fow)oAM) = X (1) = (8:X)7 = X" ()]

o For £ € T}, N we have | (4" (€))(X) = (4 (X)) | where X € TyM.
o If {=df then (" (df))(X) = df («(X)) = (¥« (X)) (f) = X (" (f)) = d(¥"(f))(X), i.e., the
operator d and the morphism ¢* are commutative ‘ (™ (df))(X) = d@™ (f))(X) ‘

e For coordinate bases {z“} of M and {y"} of N, the pull-back/push-forward is defined as

m
W (NE0)] = Xarove)] =1L - BZ?;L) W) eI _

O« f 8?/'“ dﬁ? coordinate bases | Oy" ™ " . 9%
e « 7 — o
oy oz dt o FaX ,ﬂ/’ (X") [or 6360‘1/} (€n) 8y”§ 6/10
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Diffeomorphisms
Isometry
" gy Oyt
° (V' S)asas = (8xo‘1 T\ pas /P
gyt Oyt
B o1-Qr
(psyrte = (S0 (550)8

e For ¢: M — M, ¢* = (¢,) L. If (T) =T for every p € M, then 1 is called
“symmetry transformation of 77 And if T'= g(X, X), then v is “isometry”.

e Best choice for 1) is that function which transfers p € M to ¥(p) € M along a
curve A(t). Such morphism has vy, 0, = 14, +4,. Also it means ¥_; = ()7L

e This previous property satisfies the definition of “homomorphism”. What

about the “diffeo” part?
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Diffeomorphisms

Lie derivatives 3
e For a manifold N with V and another manifold M with V we define

VxT =1, (V) (@*(T)))

, where Y, T are in \.

This is not enough since we saw before that Vx is not linear. We need to

develop another kind of derivatives that are linear when acting on vectors.

LT et (P01 =T

t—0 t

p

EX(aS—i—bT) :aﬁx(S)—}—b,Cx(T). And Ex(S®T) :Ex(S)®T+S®Ex(T).

Lxf=X(f)=df(X).

LxY =[X,Y]= (XYL -Y"Xh)e, == (LxLy — Ly Lx)T = Lixy T
(LxE)uY" = Lx(§uY") = Eu(LxY)H =

XYY, +YHXVE,, — XYY, + &YX = (LxE)p=XEu +6XY,

UV
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Diffeomorphisms

Killing Vectors
o Lxg=Lx(guX"X")=XGuoX X"+ g X* X" X" + g XXV XH

= X o XP XY+ XXM, X, + XXV X,

v Qs

=X XXV + X" X", X, + XX, X,
=X XI XY+ X, , XX+ X,  XIXY
('CXg),ul/ = Xag,ul/,a + gu,u + fu,u
e The basis-independent form of the last result is

(EXg)mn = Xagmn;a + §m;n + §n;m
e The 1st term dies because of metricity. Therefore for an isometry £,g =0,
V(a€p) = 0| where &, is the Killing field.

e We can obtain same equation if we consider variation w.r.t y* = z# + e X*.

e Killing vectors help defining “conserved currents” J* = T%¢, as . o/10
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Thant You
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