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Geodesics
Geodesic Equation from Calculus of Variation
• f(x(t,ε)) = f(x(t))+εξ , where ξ captures the tensorial properties of f(x).

If f := xµ ⇒ δxµ

δε
= ξµ. Also, d

dt

(
δxµ

δε

)
=

δ

δε

(
dxµ

dt

)
=

δẋµ

δε
= ξ̇µ

• `=

∫
dtL

δ`=0
===⇒ δL

δε
=

∂L

∂xµ
δxµ

δε
+

∂L

∂ẋµ
δẋµ

δε
=

∂L

∂xµ
ξµ+

∂L

∂ẋµ
ξ̇µ = 0

• Let `=

∫
dt
√

−gabUaU b =

∫
dt
√
−gαβẋαẋβ

• dL

dxµ
=− 1

2L
∂µ(gαβ)ẋ

αẋβ

•
∂L

∂ẋµ
=− 1

2L
gαβ

∂ẋα

∂ẋµ
ẋβ =− 1

2L
gαβδ

α
µẋ

β =− 1

2L
gµβẋ

β

Similarly ∂L

∂ẋµ
=− 1

2L
gαµẋ

α =− 1

2L
gµαẋ

α

}
∂L

∂ẋµ
=− 1

2L
2gµαẋ

α
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Geodesics
Geodesic Equation from Calculus of Variation
• ∂L

∂xµ
ξµ+

∂L

∂ẋµ
ξ̇µ =− 1

2L

[
∂µ(gαβ)ẋ

αẋβξµ+2gµαẋ
αξ̇µ

]
=− 1

2L

[
∂µ(gαβ)ẋ

αẋβξµ+�������
2
d

dt
(gµαẋ

αξµ)−2gµαẍ
αξµ−2

d

dt
(gµα)ẋ

αξµ
]

=− 1

2L

[
∂µ(gαβ)ẋ

αẋβ −2gµαẍ
α−2∂β(gµα)ẋ

αẋβ
]
ξµ = 0

• ∴ 2gµαẍ
α+2∂β(gµα)ẋ

αẋβ −∂µ(gαβ)ẋ
αẋβ = 0

Or gµαẍ
α+∂β(gµα)ẋ

αẋβ − 1

2
∂µ(gαβ)ẋ

αẋβ = 0

Or gµαẍ
α+

1

2
∂β(gµα)ẋ

αẋβ +
1

2
∂β(gαµ)ẋ

αẋβ︸ ︷︷ ︸
dummy α←→β

−1

2
∂µ(gαβ)ẋ

αẋβ = 0

gµαẍ
α+

1

2

[
∂β(gµα)ẋ

αẋβ +∂α(gβµ) ẋ
βẋα−∂µ(gαβ)ẋ

αẋβ

]
= 0 3/9



Christoffel Symbols
Geodesic Equation from Calculus of Variation
• gµαẍ

α+
1

2

[
∂β(gµα)ẋ

αẋβ +∂α(gµβ)ẋ
αẋβ −∂µ(gαβ)ẋ

αẋβ
]
= 0

Or gµαẍ
α+

1

2

[
∂β(gµα)+∂α(gµβ)−∂µ(gαβ)

]
ẋαẋβ = 0

• Γµαβ :=
1

2

[
∂β(gµα)+∂α(gµβ)−∂µ(gαβ)

]
, which is the “Christoffel symbol of 1st kind”.

• We can save ink and paper if ∂αf → f,α or ea(f)→ f,a

• ∴ Γµαβ =
1

2

[
(gµα,β)+(gµβ,α)− (gαβ,µ)

]
• Γµ

αβ :=
1

2
gµν

[
(gνα,β)+(gνβ,α)− (gαβ,ν)

]
, which is the “Christoffel symbol of 2nd kind”.

• Is the Christoffel symbol a tensor? NO! Why?
Γλ
µν ∼ ∂λgµν = fλ

α∂
α(Ωβ

µΩ
γ
νgβγ) 6= (fλ

αΩ
β
µΩ

γ
ν)[∂αgβγ ]
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Christoffel Symbols
TNB frame & Frenet-Serret Equations

• ds=
∣∣∣~r(t+dt)−~r(t)

∣∣∣=√
−gab dha dhb

• ds

dt
=

dha

dt

∂s

∂ha
=Haea(s) =H(s)

• T̂ :=
ds/dt

|ds/dt|

• N̂ :=
dT̂ /dt

|dT̂ /dt|
=

dT̂ /dt

κ
, κ is “curvature scalar”.

• B̂ := T̂ × N̂

• dT̂

dt
= κN̂ ⇒ dN̂

dt
=−κT̂ , κ is constant per point.

dN̂

dt
= 〈dN̂

dt
, T̂ 〉T̂ +

���
��

〈dN̂
dt

,N̂〉N̂ + 〈dN̂
dt

, B̂〉B̂ =−κT̂ + τB̂

dB̂

dt
=
���

��
〈dB̂
dt

, T̂ 〉T̂ + 〈dB̂
dt

,N̂〉N̂ +
���

��
〈dB̂
dt

, B̂〉B̂ =−τN̂ , τ is “torsion”, τ = 0 in planar curves.
See W. Kühnel, “Differential Geometry: Curves–Surfaces–Manifolds”, 3rd Ed., AMS, 2013, ISBN: 9781470423209, §1-2.
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Christoffel Symbols
Basis-Independent Geodesic Equation

• d

dt

(
ds

dt

)
=

d

dt

(
Haea(s)

)
=Hbeb

(
Haea(s)

)
=Hbeb(H

a)ea(s)+HaHbeb(ea(s))

=
d

dt

(
dha

dt

)
∂s

∂ha
+

dha

dt

dhb

dt

∂2s

∂hb∂ha

• d2xµ

dt2

∣∣∣
static

=
d2xα

dt2
∂xµ

∂xα
+

dxα

dt

dxβ

dt

∂2xµ

∂xβ∂xα

=
d2xα

dt2
δµα+

dxα

dt

dxβ

dt

∂2xµ

∂xβ∂xα

d2xµ

dt2

∣∣∣
static

=
d2xµ

dt2

∣∣∣
comov.

+uαuβ
∂2xµ

∂xβ∂xα

This is the general geometric definition of Newton’s 2nd Law in rotating frames including
the Euler term ~̇w×~r, centrifugal term ~w× (~w×~r), and Coriolis term 2(~w×~̇r).

• Remember that uαuβ
∂2s

∂xβ∂xα
=

d2s

dt2
=

dT̂

dt
= κN̂

·N̂
==⇒ uαuβN̂ ·∂β∂α(s) =±κ . 6/9



Extrinsic Curvature Tensor
Weingarten Equation

• The last result can be generalized to define the
symmetric “extrinsic curvature tensor”:
Kαβ(s) :=±N̂ ·∂α∂βs

• The former definition can be basis-independent:
Kab(s) :=±N̂ ·ea(eb(s)) =±N̂ ·eb,a(s)

We drop (s) to be restored later.

• Since ea · N̂ = 0, then Kab =∓ebea(N̂) =∓ebN̂,a.
The sign ± is based on if N̂ is spacelike or timelike.

• fbKab =∓fbebN̂,a
lower fb

==========⇒
absorb d in N̂

gcbecKab = ecK c
a =∓N̂,a.

∴ N̂,a =∓ebK b
a [to be used in the section of initial value problem]
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Covariant Derivative
Gauss Equation

• The d

dt
N̂ =−κT̂ + τB̂ says that it has a component

in the direction of ea(s). Moreover, the τ T̂ × N̂

indicates that the components are for 3-index “object”.
Since κ is promoted to Kab, that is a function ea,b(s),

one can suggest writing ea,b(s) = Cc
abec(s)+Kab(s)N̂ .

• ∴ ea,b(s)f
c(s) = Cc

abecf
c+����KabN̂fc = Cc

abg
c
c = Cc

ab.
Or: ea,bec = (eaec),b = gac,b = Cabc

• With some “abuse of notation”, one can derive:
i. gac,b = Cabc+Ccba

ii. gcb,a = Ccab+Cbac

iii. gba,c = Cbca+Cacb

}
i+ii–iii
=====⇒ Cabc =

1

2

[
gab,c+gac,b−gbc,a

]
≡ Γabc

• ∴ ea,b(s) = Γc
abec(s)+Kab(s)N̂

Kab(s)N̂≡∇eaeb============⇒ ∇eaeb(s) := ea,b(s)−Γc
abec(s)
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Thank You!
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