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Week 4: Christoffel symbols & the extrinsic curvature tensor

Hassan Alshal
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Geodesics

Geodesic Equation from Calculus of Variation

o f(x(t,e)) = f(x(t))+e£ , where £ captures the tensorial properties of f(x).
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Geodesics

Geodesic Equation from Calculus of Variation
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. Christoffel Symbols
Geodesic Equation from Calculus of Variation
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° F,ua,B = 5 [85 (gua) + 0y (g#ﬁ) — 8}1(90&5)} , which is the “Christoffel symbol of 1st kind”.

e We can save ink and paper if O, f = fo or e.(f) = fa

o |, Fua/j' = % [(g,uoz,ﬁ) + (guﬁ,a) - (gaﬁ“u)}

1
° FZB = 59“” [(gyayl@) + (gyﬁya) — (gaﬁ,y)} , which is the “Christoffel symbol of 2nd kind”.

Is the Christoffel symbol a tensor? NO! Why?
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Christoffel Symbols

TNB frame & Frenet-Serret Equations
o ds= ‘F(t—kdt)—i"'(t)’ = \/—gap dhe dhb

ds dh® 0Os a
° 5—WW—H ea(s)—H(s)
- ds/dt
T |ds/dt|
N:= dj:—/dt = dT—/dt , K is “curvature scalar”.
|dT"/dt| K
o B:=TxN
dlr o _dN . .
° d_é /-@NA T —IiT , K is constant per point.
dN dN . 5 dN dN
dB dB dB dB

= = { T >T+<E NYN +¢( YB=—7N , 7is “torsion”, 7 = 0 in planar curves.
See W. Kiihnel, ¢

‘Differential Geometry: Curves—Surfaces—Manifolds”
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, 3rd Ed., AMS, 2013, ISBN: 9781470423209, §1-2.
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Christoffel Symbols
Basis-Independent Geodesic Equation

° % (%) c(lit (H%a(s)) = Hbe, (H"€al(s))
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This is the general geometric definition of Newton’s 2nd Law in rotating frames including

the Euler term @ x 7, centrifugal term @ x (@ x ), and Coriolis term 2(@ x 7).

e Remember that u®u
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Extrinsic Curvature Tensor
Weingarten Equation

e The last result can be generalized to define the
symmetric “extrinsic curvature tensor”:

Kap(s) :=£N 02055

e The former definition can be basis-independent:
Kab(s) :=£N -ea(ey(s)) = N -ep a(s)
We drop (s) to be restored later.

e Since eq- N =0, then Ko, = Tepea(N) = FepN.q.
The sign + is based on if N is spacelike or timelike.

R lower f° ~
° beCab = :FfbebN,a :A} ngechab = eC,Cac = :FN,U-~
absorb d in N

N b
S Na= :FebICa [to be used in the section of initial value problem]

)
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Covariant Derivative
Gauss Equation

d - . .
e The aN = —krT + 7B says that it has a component

in the direction of eq(s). Moreover, the 71 x N
indicates that the components are for 3-index “object”.
Since  is promoted to Ky, that is a function eg 4(s),

one can suggest writing | e, ;(s) = €gpec(s) + Kap(s)N

o eap(s)fO(s) = Copecf HKgNTT =Ch0.° =€

Or: €a,b€c = (eaec),b = Yac,b = Cabe

e With some “abuse of notation”, one can derive:
L Gac,b = Capbe +Cepa }

- i 1 _
1. geb,a = Ceab + Cpac = Cape = 3 [gab,c + Jac,b — gbc,a] =TCape

iii. 9ba,c = Cpea +Cach

Kab(s)NEvea €p
_——>
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o | eap(s) =Tapec(s) +Kap(s)N

Veaen(s) = eqp(s) —Tgpec(s)
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Thant You
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