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Week 1: Prelude to the Special Theory of Relativity & Lorentzian spacetime

Hassan Alshal
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1. Michelson-Morley Experiment
2. Lorentz Transformations
3. “Array” Structure of Electrodynamics

4. Noether Symmetries & Equations of Motion
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j Michelson-Morley Experiment

Constancy of the Speed of Light

An observer on Earth describing speed of light ¢ through
both arms, thinking it’s affected by “Aether” winds with
velocity —vé,, where speed of light in Aether frame is c.

e FromAtoC: ¢ =c—v , tac=L/(c—v).
e From Cto A: ' =c+v , tca=L/(c+v).
taes= b
c(1—v2%/c?)
e From AtoB: ¢ =vc2—v2 | tap=L/Vc2—22
e FromBto A: ¢ =vVc2—v2 | tpa=L/Vc2—v2 =
2L

StABA = —F———
c/1—v2/c? 2/28
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Michelson-Morley Experiment
Constancy of the Speed of Light

A . . 2L[ 1 1
arms — VACA —ULABA — —— -
c |1—v2/c? ,/1_1;2/02
L 1 L laser
—[1+v2/c2—1—§v/ } CIERE
C

If the experiment is rotated 90°, then it’s “expected” that
L L

Atrotated = — 512,—, and thus Atiore = 2,6’3—, or A\= 253 L
c c

L
corresponds to n = 2@%—. But fringe shift had never been

found even after repeating the experiment 6 months later!!!
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7 Michelson-Morley Experiment
Constancy of the Speed of Light

Explanations:

e Earth is at rest with aether. (Rejected as is against Leibniz relationalism. See
“Absolute and Relational Space and Motion: Classical Theories” article on
Stanford Encyclopedia of Philosophy).

e Earth drags some aether atoms around it s.t. they capture the speed of earth.
(Rejected by the 1893 Lodge experiment).

e FitzGerald 1889 ad hoc: Objects inside aether contract by m factor
to compensate for tg4ca 8.t Atgrms = 0. (Despite being true, FitzGerald’s
reasoning was incorrect as rulers should also contract; it’s unfalsifiable).

e In addition to the Principle of Relativity, the velocity of light is the same with
respect to all inertial frames, and there is no such thing called aether!

. . . , . 4/28
(Einstein-Poincaré assumption).
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Lorentz Transformations ' ¥
Space & Time Intertwined | | |2 PP

FoR ) ) o FoR’

b

FoR * i o) FoR ' 5

At t =0, FoR and FoR' are identical, and a light source emits a wave.

After a time t, O detects the wave at P while O’ detect the same wave at P’ .
) =2

OP =(ct) =72 | OP =(ct')?=r% = 0=—(ct)?+r?=—(ct/)?> +1".

2 o9
To simplify the calculations set y=1v' , z=2 st. OP —O'P" =12y
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Lorentz Transformations

Space & Time Intertwined

/

e O suggests 2/ =ax+bt. When 2/ =0=z/t = —-b/a=v =2 =a(x—vt)|

e O suggests v = fo' +gt’. When 2 =0= —2'/t' = g/f =v=|x = f(2’'+vt') |

1 1
e Combine the two results s.t. z = f[a(x —vt) +vt'] = |t = [t— —(1— —f) ] )
v a

e Since —(ct')? 422 =0, one can prove that
2

a2 aQ—%(l—%)Q] + ot [—2@211+—2avc (1— a,f):| + 2 [a v —a2c2} =0

v

then compare the last result with —(ct)? +22 =0 to get

a=f=1/\/1-v?/c2=~,
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- Lorentz Transformations
Lorentz-Voigt Group
ct’ = v, (ct — Bx)
7' =, (z— Bet)
Yy =yand 2 =z

ct Yo By 0 0] [t
g | =Bew w0 0f |z
v | o 0 1 0]y
2! 0 0 0 1| |z

S

A set of transformations G, containing A’s and a special Ag := id, forms a group if:
e for every A there exists a A7! s.t. AxA™' = A"« A =id.
o (AxA)x A" =Ax(ANxA")
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" Lorentz Transformations

Space & Time in Special Relativity

In Galilean “affine” space dr? = dz? + dy? + dz? = dx'? + dy'? +dz'? is “invariant”
under Galilean transformations 2’ = x +vt. But under Lorentz transformations one
can prove that dr? is not invariant. But OP and O’P’ definitions inspire studying

the “Lorentz invariance” of

‘ ds® = —2dt? + dr? = —2dt"? + dr'?

which is considered a Lorentz scalar, a special type of Lorentz “arrays”.

When two events happen at the same place in different times w.r.t a stationary
FoR, i.e., dr =0 and dt # 0, then the non-stationary FoR' sees time interval as

dt/:’}’a‘/dt N ’lj’2 = (%)2

FoR' considers its dt’ “the proper time” dr. Every frame has its own proper time. />
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Lorentz Transformations
Minkowski Spacetime
ict
ds? = (icdt)? + (dr)? = —c2dt? + dz? + dy? + dz? 4
e ds?> < 0= timelike intervals with past and future cones,
u < ¢ for massive objects.

e ds? =0 = lightlike intervals on the surfaces of the past

and the future cones, u = ¢ for light-like particles.

o ds? > 0= spacelike intervals elsewhere, u > ¢ for

“ghosts”, “tachyons” and non-causally ordered events.

More importantly, u is what defines this Lorentzian geometry.
Next lectures we see velocities #, not distances 7, are the

underpinnings of the spacetime. o/2s
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Lorentz Transformations
Velocity transformations

For simplicity set y =13 and 7 = vé,

FoR: P| — Py, ie., (t,z,y) — (t+dt,x +dx,y+dy) y .
FoR': P| — P}, ie., (t',2,y)— (' +dt' o' +do/,y/ +dy') | pZ-U—)
cdt’ = v, (cdt — Bdx) 3/4
da’ = v, (dx — Bedt) b
One can use the above transformations to prove:
dx’ — d !
dt’ 1—wugzv/c dt  1+ulv/c b -
!/
Yoodt (1 —ugv/c?) Yodt (1 +ulv/c?)

But this does NOT look like u/, = Au,. Also, we expect Uy, =y !
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"~ Lorentz Transformations
Velocity transformations

e We ignored the F OR; of the particle itself!

e In FoR,, of the particle dx;, = 0 and dt;, = dr, i.e., ds? = —c2dr?
dx
dt

_Rdr? = —dt? [c2—< >2] = (1 -2 /) = dr =, Lt

. . . dx , , dx’
e dr is a Lorentz invariant, so define U, = U, (1) = . and U, =Uy(1) = —.

dr
dr dzx dt
T e

e Similarly | U}, = v, u, |
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Lorentz Transformations

Velocity transformations

dx’ dt 1
g _@oat L
cUe="grar =gl

o Ut ’Yu’ Cl,
dt d

’ z'v U V. fill in the steps
p—— _ e >
i ar - dr [%](t + 2 )] Yol )

1
® Yyl =

X — /B'UCdt)'Yux = _’YUIB'U (’)’uxc) +YUz =

U; = _’Yv/BvUt +7va

do the steps

e And one can check that

V1-(u,/c)? \/1 dz’ dt

dt dat’

. Ut Yo Ut Yo /Bv Uw

U;:Uy.

_’YvﬂvUt + '7va

dt

dt' (1 —ugv/c?)

1

1

T, = (€
C

- Bvux)’)/uz

so how does 7,/ , and consequently U{, transform between frames?
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“Array” Structure of Electrodynamics
Maxwell’s Equations & Lorentz Force

Interested in SR history? W-T. Ni, One Hundred Years of General Relativity: From Genesis and Empirical Foundations to
Gravitational Waves, Cosmology and Quantum Gravity, Volume 1, World Scientific, ISBN: 9789814635134, p. 1-83.
— —

o = - N 0B R - OF
V-E=L | V.B=0 , VxE=-2", VxB=puJ+uoco—r
€0 ot ot
F=qE+0xB)=|f=pE+JxB
. T . E .
f=e(V-E) +%(Vx )xB—eO%—th
NExB) O0E 5 ~ OB OE 5 =~ o =
Use 8t —EXB—FEX—t 8—t_‘XBi—EX(VXE)
- B ExB Lo .
st f=e(V E)E—l—M—(VxB)xB—ega(a )—eoEx(VxE)
0

or: f =€ [(ﬁ . E)E— E X (V X E) ot 13/28
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- “Array” Structure of Electrodynamics

Maxwell’s Equations & Lorentz Force
U
where S = —F x B is the Poynting vector.
Ho

Ho
Use the identity:

F=co|(V-B)E~Ex (VxB) + -

T
VX (Vx V)= V(7 V)= (V-9)V
such that:
R O S T 03
= «|[(V-B)E+(B-V)E|+— (V- B)B+(B-V)B| - 5V(eo B E+ —B-B) — como 5>
Mo 2 1o ot
14/28
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“Array” Structure of Electrodynamics
Arrays Inside Vectors & Einstein Summation Notation

n=3 n=3n=3
C:Zaibi:aibi:a°b ) ?ZZZaibj:aibj:a(@b
i=1 i=1 j=1
= 9 . 0
0z 0y 0] =V =55 =0, i=123 , =0

100
6] =diag(1,1,1)= |0 1 0
001

<_> .
so that a diagonal tensor A =a; d, ' =a®a

PN )
and its trace Tr( A) =a; ¢’ a* =aea 15/28
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“Array” Structure of Electrodynamics
Arrays Inside Vectors & Einstein Summation Notation

Double check (17 . ﬁ) V=V (V ® 6)

(V-ﬁ)ﬁ:(wai)\/j: 17(17®6) =Vi(0'V;) =
Oz
9 _
Ow v, w]g,)MTW V.| = v vy Wuig[w Vy ”D—

Ve OV Vi

(Vwag: + Vyay + Vzaz) |:Va; Vy Vz] - 62 Ve az Vy ang;
T T
VeO0z Ve +Vyany+Vzanx VO Vi +Vyayvm+vzazvz
Vi0eVy + Vi 0y Vy + V0.V, V02 Vy + VydyVy + V20.V,

Va0V +Vy6yvz+vz8zvz Ve0z V2 +Vyc’)sz+V25‘sz 16/28
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“Array” Structure of Electrodynamics
Lorentz Force in Einstein Summation Notation

Therefore, f = pE +Jx B is developed into

. . T T
: : }—i——[(V-B)B—i—(B-V)B}—§V(EOE-E+—B-B)—eO,uO—

then becomes

. . 1 1 ;
fi = e [aj(EiEﬂ) — %Oj(6iJEkEk)] + o [aj(BiBJ) — Qaj(aiﬂBkBk)] — €000 S;

Ho

i = conodSi — { o (BB - 567 BB + - | (B.89) - 567" }

17/28
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\ “Array” Structure of Electrodynamics
Maxwell Stress “Array” & the 4-Vector

. 1 1 o1
Introduce |s;” = eo(E;E7 — §5i]E2) +—(BiB? — 551‘]32)
Ho

or
o %(60E§+7103§) eOExEy—i—iBmBy eoEmEZ—f—M—lOBxBZ
6 = |«ByEs+ BBy 3(coBy+-B))  €oByE.+-ByB.
eOEZEI+H—1OBZBx eoEzEij%Bsz %(60E§+£B§)

And with 6:[893 Oy 6‘4,Weget ff:eouo§f§o6

- =
How to accommodate S inside &7
Invent a 4 x 4 “Array”, i.e., we expand the 3D space to 4D spacetime!
Expand V to accommodate % s.t. we define the “Lorentz derivative”

O = {at O Oy 54 = [80 31-} , 0=0,1,2,3 18/28
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“Array” Structure of Electrodynamics

4-vector & Special Relativity Metric “Array” Ve aelo

ViV = MV, = M, veve = M v = (V)2 o
e.g., in 3D space: B E' = E;6;'E? = E? —|—E§ +E2

Generally (VW) = VHW“VWV =VeW

In 4D SR: ds® =, dotda” = —c2dt? + da® + dy? + dz>
-1 0 0 0
0 +1 O 0
0 0 +1 O
0 0 0 +1
In particle physics: ds? = ¢2dt? — da? — dy? — dz* = N =M = diag(+1,-1,-1,-1)

s |0u=[0 0. 0y 0. =00 B]| . i=1.23

Thus ﬁ = = = = diag(—1,1,1,1)

or Ot =9, = [3t —9T —Y _6z}T: {60 _8i}T , 1=0,1,2,3 1o/zs
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“Array” Structure of Electrodynamics
Stress-Energy-Momentum “Array”

Therefore, —f: 60#0% — ﬁog becomes , where f), = [ft fz fy fz],

Uem pz Dy Pz

and T} = Ue?" pi - pe s sy s
H o Gij sy 5yy 5,
pZ smz 5yZ 5ZZ
If fully expanded,
3(e0E*+ =B 1€ S Ho€0Sy 10€0Sz
- Lo€oS” %(eoEg%JrﬁB%) (c0BaEy+ =BxBy) (e0EuE:+ ;=BuB:)
- 2 2

" pocoSY (c0ByEx+4-ByBa)  3(c0By+-By)  (c0EyE:+1-ByB:)

10€0S* (c0B:Ez+3-B:Bz) («0EzEy+-B:By)  §(eoEZ + 5 B2)

eg, [0 Oxr Oy 0] TH= [@tpx +ai5wi] =—fa 20/28
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. “Array” Structure of Electrodynamics
Electromagnetic Field Strength “Array
But E——V¢> Voeg OLA , B=VxA
qT
Then, A, = [gb —Al} ,or AF = [(b AZ}

1
Therefore |T,,” = o [F . Fg” —l—ZFaﬁ urs Fﬁa]

where |F,” =0,A"-0"A,| & |n,)=diag(1,1,1,1)

The fully “contravariant”/“covariant” structure

0 —voeoEr  —y/ocoEy  —/poco

uy M0€0Ez 0 _Bz By B
P — |V = —F,,
1/#060Ey Bz 0 —Bw

21/28
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. Noether Symmetries & Equations of Motion
4-vectors, Lagrangian(s) as Function(s) in EM “Arrays”

ﬁ:zj—f [-6@/@7)-3@ riix (Vx A)|
— 4 [~V(6/ Viioeo) ~ A+ V(@

But: Z—A:atXJr(aﬁ)j
T
dp - dA
Then: E—Q[—V«(b/\/ﬂofo)— )_E )
dP d(p+qA d(Piotal —qA)  dp  dL
C;;)—talz (pqu ) |: ((¢/\/lm_€) )]:> ( tOt;L_ q ):d_f:%‘
Remember F = —-VV & deF: AT
72

Thus, we introduce: |L=T -V =— —q(gf)/,/,uoe )+ qi - A| | where §=mi

7 22/28
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Noether Symmetries & Equations of Motion
4-vectors and Lagrangian(s) as Function(s) in EM “Arrays”

In particle physics, 7, is absorbed inside m. Remember UH # i but U? = ~y,:u'.
V(ﬁ,ﬁ) can be generalized as function of 4-vectors: V =wu,A*, where:

el
Uy = —u| , or: ul = U
. Ho€o Ho€o
T
X4/lo€o m to get: p, = {m —V/Ho€o ;5] , or: pt= [m v/ Ho€o 15}

dp”
s.t. C% =qu, F"" =—-0,T"" & pupt = m? — e P2

1
And the Lagrangian density: |£ = L/vol. = _HFWFW —JrAL |,
0

T
p - P -
where J, = [ —J|,or: Jt= J
\/ Ho€o :| \/ Ho€o

23/28

Consequently, continuity equation:
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~ Noether Symmetries & Equations of Motion
Variational Principle and Field Equations of Motion
L(q,0rq) — L(A*,0,A*) = S = [d*zL(A*,0, A*) together with 9, (§AH) = §(9, A")
as A" — AM 4+ 5AR L 9, AP 5 0, AP +0,(6AM) & O, AM — 0, A" +6(0,AM)
0£ oL oL oL

= I el m
3= a4+ 00 A¥) = A 4 s 0 (04%)

0=065~ /(5£ 0L ~ /{314” — ((9[(98”61#])544” +0, (8[5‘861“ 6A”>} /6£
:/{[;fﬁ”a”(a[aaﬁw1>]w+a” (a[aa,ju ‘5”)} i
()

6AM:AM({E>‘—|—5)‘)—AM x)\ :eAa)\AM & (5£:€>\3>\£=77>‘V Aayﬁ

dAN 3]0, Ar] 8]0, Ar]

ON/[&C _ay( oL )]MM/GA&/( oL (fy\Au_nV’\ﬁ)—>Var.EEq.Mo.698,,T”’\

Every continuous symmetry generated by a non—dissipative action
has a corresponding conserved quantity. 24/28
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Noether Symmetries & Equations of Motion

Laws of EM in ‘{Array” Notationsl& Special Theory of Relativity

LA, 0, A") = == F P77 = 07 Ay = = (0, Ay = 0,4,) (0" A7 = 07 A1) = T A,
0 0

aLc _
Then | — S5 G AN — gV L o= THY | — i £, 1+ 9, TH = 0 L= 9, TH = 0 “Noether”,
9(0,A)

oL oL O P = 1o JV
And| = — |9 | = "
i, ~ Peaa] =)= { oo o om0

AP FH = 9\0NFH = OFM = —pg (9#J¥ + 9V Ji) 1222emim,
- 1 92 -
ON PP = CF™ =0 | — poegdR P — V2P =0, Ori o PP = V2 Fm
C

And the solution is ‘ FHY — Frvgi(pi—wt) ‘

Consequently, p,p" = m2— (10€0)P 2 (pup")c4 =E?— (]_)'c)2

And for EM waves p,p" = m% = 0. In context of QM, p,p* called a “Casimir Operator”. 2o/28
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Noether Symmetries & Equations of Motion
“Irreducible” Electromagnetic Waves & Lorenz Gauge

Let’s study the Electric-Gauss-Ampere law 0, F'*" = jigJ"

I L 2 == = 10
A AR = A" = B H v L AL A= _ . il
O\ AN = 0A" = o] = M (D, AY) = 55 A= o5 A= o] = V(V- A+ 5 =0)
Helmholtz: A —s A’ = A+Vo ¢—>¢’:¢—l2at9 or: | Ay — Al = A, +0,0
C

such that F’W =F —I—W

You might think V- (§4)+0;(6¢) =V -V6 — %afa =0 =0, i.e., 0 could be a field.
C

However, (A" +0*9, AY = poJ* Fourier, ju _ 0 = A® x 9”0 is a “harmonic pure gauge”

Am [ [pt

Anyway, it seems we're “forced” to “choose” [0 = 0, A” = 0. And together with 9, J" =0,

we get AW = po.Jp 2 acuum, with dof=4—1-1=2 26/28
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Noether Symmetries & Equations of Motion

Too Abstract?!

Juan Maldacena, “The Symmetry and Simplicity of the Laws of Physics and the Higgs Boson,”
Bur.J.Phys. 37 (2016) 1, 015802. ArXiv: 1410.6753 [physics.pop-ph] 27/28
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Thant You
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